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LAGRANGIAN FIBRATIONS FOR IHS FOURFOLDS
FEDOR BOGOMOLOV AND NIKON KURNOSOV
Abstract. In this paper we study the Lagrangian fibrations for projective irreducible symplectic
fourfolds and exclude the case of non-smooth base. Our method could be extended to the higher-
dimensional cases.
I. Introduction
A varietyM of dimension 2n endowned with an everywhere non-degenerate closed two-form Ω ∈
H0(M,Ω2(M)) such that Ωn is the section of anticanonical class is called a holomorphic symplec-
tic variety. Compact simply-connected holomorphic symplectic manifolds such that H2,0(M,C) =
C 〈Ω〉 are called irreducible holomorphic symplectic (IHS) manifold. Well-known that Ka¨hler holo-
morphic symplectic manifolds are hyperka¨hler and what by Bogomolov theorem [B] any hyperka¨hler
manifold manifold is covered by product torus and irreducible ones.
A subvariety N ⊆ M of dimension n is said to be Lagrangian if the restriction of Ω on the
smooth locus of N is identically zero.
Theorem I.1. (Matsushita, [Ma1]). Let pi : M → B be a surjective holomorphic map from a
hyperka¨hler manifold M to a base B, with 0 < dimB < dimM . Then dimB = 1/2 dimM , and
the fibers of pi are holomorphic Lagrangian (this means that the symplectic form vanishes on the
fibers). Moreover, B is Q-factorial klt Fano variety of dimension n with Picard number 1.
Definition I.2. Such a map is called a holomorphic Lagrangian fibration.
Consider a Lagrangian fibration from a complex projective irreducible symplectic manifold M
to a normal variety B. In all known examples of Lagrangian fibrations, the base B is always
isomorphic to CPn. If one assume that the base is smooth, then Hwang ([Hwa]) proved that the
base is always a projective space. On the other hand, if the irreducible symplectic manifold M is of
K3[n] or generalized Kummer deformation types, then the answer is also positive (see [Ma2],[Mar],
[BM] and [Yos]). However, it is still unclear if the base is always smooth, for instance for O’Grady
sporadic examples. Thus the answer to this question is still unknown in the general setting. Quite
recently the following theorem has been proved providing just two possibilities left
Theorem I.3. (Ou, [Ou]) Let pi :M → X be a Lagrangian fibration from a projective IHS fourfold
M to a normal surface X. Then either X is either CP 2 or Sn(E8), where the surface S
n(E8) is
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the unique Fano surface with exactly one singular point which is Du Val of type E8, and two nodal
rational curves in its anti-canonical system.
In this paper we focuse in the case when M has dimension 4 and prove that the latter case is
impossible and further get Matsushita’s Conjecture in that case:
Theorem I.4. Let pi : M → X be a Lagrangian fibration from a projective IHS fourfold M to a
normal surface X. Then X ≃ CP 2.
Moreover, our proof provides an approach to the general case.
II. Lagrangian fibrations of IHS fourfolds
In this section we prove the Main Theorem I.4. Idea of the proof is the following: we consider
fundamental group of fiber over singular point, which is abelian, and of its neighborhood, one have
surjective map from it to fundamental group of complement of singular point to the base. The
description of singular fibers were given in projective case by Matsushita [Ma1] and in the general
case by Hwang and Oguiso [HO]. This provides us restrictions for the possible types of singularities.
Lemma II.1. Let pi : X → B be a Lagrangian fibration from a projective IHS fourfold M to a
normal surface X with one Du Val singularity b0. Let U(X0) be a small neighborhood of the fiber X0,
and V (b0) a small neighborhood of b0. Then there is a surjection of pi1(U(X0)) onto pi1(V (b0) \ b0).
Proof. Since the map X → B is flat and the base B is normal, then all the fibers have codimemsion
2. Let b0 ∈ B be a singular point. Then by Mumford the local fundamental group pi1(V (b0) \ b0)
is non-trivial. Consider the transversal disc D to the fiber, then there is a map of it to the smooth
point of a fiber over a singular point b0. This map is surjective onto a neighborhood of b0, therefore
pi1(V (b0)\b0) is finite, and hence by classification is a subgroup of GL(2,C), and local neighborhood
is isomorphic to D/pi1(V (b0) \ b0).
Generic fiber is irreducible, thus any circle in V (b0) \ b0 can be lifted isomorphically to the circle
in X \X0. Then previous argument implies that pi1(U(X0)) surjects onto pi1(V (b0) \ b0). 
Now we will proof the Main Theorem I.4. Let us resolve the local singularity by finite covering
D → D/G ≃ V (b0). Assume that the fiber over the zero which is unique preimage of b0 has
multiplicity one. Let Y0 be the fiber after covering. It is non-ramified covering over singular point
with the group G acting freely on a fiber.
Proof. of I.4
Assume first that after lifting to the smooth disc D we have a fibration without multiple fibers.
And the group acts freely on the central fiber Y0 over 0, which projects to 0 ∈ D, Y0/G ≃ X0.
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Then we have an abelian fibration over smooth disc D induced from B under the map D → D/G
isomorphic to B.
In the case of E8-type singularity the fundamental group G = pi1(V (b0) \ b0) is isomorphic to a
unique non-trivial central extension.
1→ Z/2→ A˜5 → A5 → 1.
The latter has a representation on C2 with free action of C2 \ 0, i.e. representation on tangent
space T0(D) of disc D at 0.
Y ✲ D ∋ 0
X
❄
✲ D/A˜5
ρ
❄
∋ b0
,
If the fiber Y0 has components of multiplicity one, then the union of such components Y
1
0 contains
the commutative algebraic subgroup A0, which consists of smooth points Y
1
0 , and the closure of A0
is Y 10 . The action of G maps A0, Y
1
0 into themself. The action of G on A0 is affine, namely, for any
x, y: g(x− y) = gx− gy. This expression does not depend on the choice of 0 in A0.
If any non-trivial element g ∈ G maps a component of Y 10 into itself, then it has an invariant
point in the closure Y 10 , which contradicts the fact that the action of G on Y0 is free.
Indeed, the action of G on an invariant vector fields in tangent space of the component is dual
via non-degenerate 2-form to the tangent space T0(D) of D at 0. The action of G at the latter is
the standart 2-dimensional representation A˜5, and has a property that non-identity elements have
eigenvalue one. For any g ∈ G its action on the group components lifts to the action on univeral
covering, which is C2 with natural affine structure. Since g has no eigenvalue one, it has a atable
point on the universal covering of the corresponding connected component of the group A0, which is
the linear space. Hence, g also has an invariant point on Y0, providing a contradiction with freeness
of the action.
Therefore, if Y 10 is non-trivial, we have to consider an affine action on the group of components.
Let us first consider the case if the multiplicity of some components of the fiber is one. Hence
Y 10 is non-trivial.
Proposition II.2. The action of A˜5 on the the fiber Y
1
0 can not be free.
Proof. The group T of components is a finite subgroup of a generic abelian fiber A2 which is (Q/Z)
4
.
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Note that the Euler pairing is trivial on T , i.e T is isotropic subgroup with respect to this skew-
symmetric pairing. In particular T has at most two generators. The group G acts on T affinely,i.e
g acts by an automorphism on the elements x− x0, i.e degree 0 combinations. Thus
g(x) = lg(x) + bg
for a selected 0-element in T .
The group T is a direct sum of a finite p-groups Tp of elements of order a power of p. Thus we
have an embedding into affine action on the product of the groups Tp. Each of those groups by
assumption has at most two generators.
The group of affine automorphism of Tp is an extension of a subgroup of Gl2(Zp) by a p-group.
Note that we have an equivariant A˜5-action with respect to the projection to T → Tp. If p 6= 2, 3, 5
and hence coprime to the order of A˜5, then the action is linear. Therefore we can restrict our
analysis to the preimage of stable point in Tp. Thus, we can reduce the gemeral case to p = 2, 3, 5.
Note that any map of A˜5 into Gl2(Zp), where p = 2, 3 is trivial. Hence, we can reduce to the case
p = 5. In case of p = 5 we know that the a linear group projects surjectively to GL2(Z5) = S5,
which contains A5. But its central extension can not be lifted to GL2(Z5). Note that this subgroup
A5 of S5 has only linear lifting in the corresponding affine group acting on T5. 
If the multiplicity is not one, then we can use results of Hwang-Oguiso. Assume now that the
fiber over 0 is multiple. In [HO] such fibers are classified using the results from [HO1]. Namely we
summarize them in the following corollary of the [HO, Theorem 1.1] for the case of dimM = 4
Corollary II.3. Let p : M → B2 be an abelian fibration with multiple fibers along the divisor
D ⊂ B in a smooth ball B2. Then the normalization Vx of the fiber over generic point x of D is a
fibration over an elliptic curve Ex, fx : Vx → Ex.The map of the normal bundle N(V )→ p∗T (B2)
has rank 1 at a smooth point of Vx and it’s kernel is contained in the tangent bundle of the one-
dimensional fiber of fx. The fiber of fx is called a characteristic cycle and it is an elliptic curve or
it’s Kodaira degeneration of the one of the following types:
1) elliptic curve E0,
2) Kodaira type II,
3) Kodaira type E1 type IV,
4) Kodaira type E0 type III,
5) I2m - ring, I
∗
0 - elliptic curve , IV, IV
∗.
Lemma II.4. The group A˜5 can not act freely on X0 if it is a multiple fiber.
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Proof. Consider the action of A˜5 on elliptic curve Ex. induced from the action of A˜5 on X0. Then
note that neither A˜5 nor A5 has an effective action on an elliptic curve. Hence it is trivial and,
therefore, A˜5 maps fibers of fx into themselves.
Note that the characteristic cycle can not be a smooth elliptic curve by the argument showing
the absence of non-trivial action of A˜5 on elliptic curves. If the characteristic cycle is a tree af a
rational curves as in the all above cases apart I2m, then any element of A˜5 has an invariant rational
component and hence has the stable point on such a component contradicting the fact that the
action has to be free on the fiber X0.
Thus the only case to consider is when the fiber is the cycle of rational curves of type I2m. In
this case the smooth part of fiber is the product of C∗ × Z2m. The action of A˜5 is the affine with
the respect to this group action. In particular, we must obtain an embedding of A˜5 to the affine
automorphisms of Z2m, which is the dihedral group. Since there are no non-trivial maps from A˜5
to dihedral group, we obtain a contradiction.

This completes the proof of our main result. 
Note that in fact the examples of local symplectic fibrations with multiple fibers do not occur in
projective case and hence we have alternative proof with the following lemma.
Lemma II.5. Let X be a smooth projective variety with trivial canonical class and p : X → B be
flat surjective map with an abelian variety with Xt as a generic fiber and B is normal. Then there
are no multiple fibers over smooth points of B.
Proof. Consider the map of the tangent bundle TX to p
∗TB, p∗TX → p∗TB. Then multiple fibers are
appear constitute a discriminant divisor E in X . Consider a general smooth curve C intersecting
E transversally. and the restriction of the fibration X upon C which we denote by XC . Assume
that SC ⊂ C corresponding to multiple fibers. of pC : XC → C. Thus let mp be the multiplicity of
the fiber at p ∈ C.
Then the canonical class of XS is a
p∗CK(C) + Σp∈S(mp − 1)Xp = K(XC),
where the summation goes over all multiple fibers.
Note that we have equivalence in the Picard group mpXp = Xt and this is the only relation
between divisors Xp for different points p. In particular in the presence of multiple fibers K(XC)
is not induced from the base.
On the other hand for for a generic smooth C the determinant of normal bundle detN(C) to C
is induced from C and hence the restriction
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K(X) ↾XC= 0 = K(XC) + p
∗
C detN(C)
and hence K(XC) = −p
∗
C detN(C) which provides a contradiction since p
∗
C detN(C) is induced
from C. 
III. Existence of section
In this section we study the existence of topological and algebraic sections for abelian fibration.
Let X → be a fibration for smooth compact X to smooth 2-dimensional Riemann surface C.
The following general topological lemma provides the criteria of existence for topological sections
for the fibrations over smooth 2-dimensional Riemann surface.
Consider first more general case. Namely let p : X → C be a surjective map of smooth com-
pact orientable manifold onto a two-dimensional Riemannian surface. Assume that the following
properties are satisfied:
1) the map is smooth fibration with generic connected fiber Xt over C \ S, where S is the
finite number of points
2) pi1(Xt) is abelian
3) there is an element in H2(X,Z) which intersects generic fiber Xt with degree 1
Lemma III.1. Consider a subgroup F ⊂ H2(X,Z) which is generated by the image from H2(Xτ )
in τ ∈ C. Then any element h ∈ H2(X,Z)/F which intersect generic fiber Xt by degree 1 has a
representative which is a topological section.
Proof. Consider the preimage of S in X and denote it by XS. Note that we have exact homology
sequence:
H2(XS ,Z)→ H2(X,Z)→ H2(X \XS ,Z)→ H1(XS)→ H1(X)
We obtain an embedding of H2(X,Z)/F to a subgroup of H2(X/XS,Z) which is a kernel of the
boundary H2(X/XS ,Z)→ H1(XS). In particular any element in H2(X,Z)/F can be realized by a
two dimensional cycle R in X with degree intersection one with arbitrary fiber Xt.
Consider the corresponding homology element in H2(X \XS ,Z) = H2(X/XS,Z). Since it is a
smooth fibration we have H1(C \S,H1(Xt,Z))⊕Z equal to the space H2(X,Z)/F where projection
to Z corresponds to the image in H2(C,Z) = Z.
Consider the case when pi1(CS) is a free group. The group H1(C \ S,H1(Xt,Z) is equal to the
the quotient of H2(pi1(X \S,Z) by the image of subgroup H2(pi1(Xt),Z). Every homomorphism of
free group pi1(C \S)→ pi1(X \XS) corresponds to homotopy class of sections in X \XS over C \S.
Two such sections are homologous if they define the same map H1(C \S) to H1(X \XS). Note that
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the latter is exactly equal to H1(C \ S,H1(Xt,Z). In particular any element h′ in H2(X \XS,Z)
with intersection index (h′, Xt) = 1 is represented a section sec(h
′) over X \XS .
Now the homology element h′ ∈ H2(X \ XS ,Z) extends to a homology element in X iff the
boundary dh′ = 0 in H1(XS ,Z). Consider a section s(h
′) representing h′ over C \ S and small
neighborhoods U(Xi) of fibersXi over points si ∈ S. If dh′ = 0 then the section sec(h′) representing
h′ intersects the boundary dU(Xi) of U(Xi) by a circle S
1
i which homologous to 0 in H1(U(Xi)).
The boundary dU(Xi) is fibration with fiber Xt over a circle around si in the base. Thus
pi1(dU(Xi) is an extension 1 → pi1(Xt) → pi1(dUi) → Zei and pi1(S1i ) = Zeh maps isomorphically
to Zei. Natural embedding induces a surjective map of pi1(dUi)→ pi1(Ui)
Let us show that the image of eh is not only homologous to 0 in H1(U(Xi)) but in fact homotopic
to zero in pi1(U(Xi)). The group pi1(dUi) is generated by pi1(Xt) and eh. Since by assumption
pi1(dUi) is abelian eh maps in the commutator subgroup of pi1(Ui). Consider the kernel Ker :
pi1(dUi)→ pi1(Ui). It has to be non-trivial and contain an element k projecting to ei since otherwise
the image of eh is not homologous to zero inH1(U(Xi)) But any such k and pi1(Xt) generate pi1(dUi).
Thus the image of pi1(dUi) in pi1(Ui) and hence pi1(Ui) is abelian group. Hence eh is homotopic
to zero in pi1(Ui) and this homotopy extends s(h
′) into a global section. If S = ∅ then image of
H2(C,Z) is primitive, and we obtain H1(C \ S,H1(Xt,Z)) ≃ H2(X,Z), that gives an embedding.
In a case of torus we have a group Z+Z with H2(Z+Z) embedding into H2(pi1(X). Hence the
argument above applies.
Note that if C \ S = S2 then H2(X,Z)/F = Z and the class h as a above is realized as a section
over S2 \ s and the obstruction to extend it to the section over S2 is trivial if H1(Xt) = 0. If
the latter is non-trivial then the obstruction to the extension of it over S2 corresponds to non-
primitivity of the image of the H2(S2,Z) in H2(X,Z) which is trivial by assumption on p. Namely
the existence of h intesecting Xt with index one. 
Here we discuss existence of the section in this case and another way to proof Theorem I.4.
Lemma III.2. Let us assume that an abelian fibration A over normal base B of arbitrary dimension
has two multisections s1, s2 of coprime degree m,n, then there is rational section.
Proof. Let a, b be integer numbers with an+ bm = 1. Let A0 be associated group scheme of cycles
of degree 0 over B.
Consider a map f : A → A0 with f(x) = x − ns1 +ms2 which associates to any point in the
fiber a point in x ∈ A0 corresponding to cycle given by the sum x minus the cycle obtained from
the intersection of fiber containing x and its intersections with s1 and s2. The corresponding cycle
has degree 0 on every fiber and induces a fiberwise isomorphism from A→ A0 which is birational.
Hence A has a rational section. 
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We can now prove Hodge type statement for some cycles in A when A is projective over base.
Recall the following well-known fact:
Consider an abelian fibration A over normal projective base B and the group of sections. Then
the latter is the product of A0 × Tors×Z
r, where A0 is a constant part of A namely A has the
unique representation as A′ ×A0, and the group of sections of A′ is a Tors×Zr. Moreover, on Zr
there is non-degenerate positive quadratic form defined by polarization (Tate-pairing). Thus, it is
defined on topological classes, and, in particular, Zr embedds into the homology of A′ (and A).
Hence we have at most finite set of sections which belong to the same homology class in A′.
Lemma III.3. Assume that B is normal and there is exist a topological (p, p)-cycle R over B \ S
which intersects generic fiber A by degree 1 Then there is a rational section over B which is contained
class R.
Proof. Let Ct be a class of curves which are complete intersections of big degrees in B. Then the
restriction of A over C has a rational section in the intersection of R with a restriction AC of the
fibration over C since the intersection of R with AC is a class of curve and hence be previous III.2
we have a section in class RC .
Note that all the sections over C form an abelian group with non-trivial height function which
is a quadratic form. The sections sR in class RC have a finite order difference (we assume that the
family on C is non-constant). Consider a point b with a smooth abelian fiber and all C passing
through b. The set of all such curves in one class [C] forms a rational manifold MC . Moreover
any two points in MC can be connected by rational curves P isomorphic to C or P
1 which do not
intersect singular subset of B. Any such P defines a family of cycles sR(p), p ∈ P which intersect
the fiber Ab at the same point.
Indeed, the family of cycles sR in over curves parametrizing by p is finite covering of P and hence
splits. Thus we have a rational map P → Ab which maps P to one points an hence all such cycles
pass through the same point in Ab for any b and form a cycle in the global class R over B. 
Now, over the curve we have two multisections so by III.2 we can construct rational section by
fiberwise mapping on itself. Then we can apply III.3 to the our case and construct topological
section if we consider intersection of circle with the preimage of a general fiber. We can complete
our cycle by III.3.
From the [KV, Theorem 3] easily follows the following
Corollary III.4. Let M be a fixed compact manifold of complex dimension 4 and b2(M) ≥ 7. Then
there are only finitely many deformation types of hyperka¨hler Lagrangian fibrations.
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Note that similar argument can be applied to higher dimensional projective complex compact
symplectic manifolds with lagrangian fibration p : X → B using here and further notations similar
for the 4-dimensional case considered above.
In particular if the top dimensional singularity strata has codimension 2 in B then its generic
transveral-two dimensional local section U(b0) has also a singularity of type C
2/G where G acts
freely on C2 \ 0. Thus in projective case we obtain free action of G on the preimage Y0 of the
fiber X0 over b0 after a covering D
2 → D2/G = U(b0) Since the fiber is not Y0 is not multiple we
obtain that the action of G on the space of invariant tangent fields to Y 10 is a sum of a trivial action
on Cn−2 and the above action on C2. It implies a decompostion of Y 10 after finite isogeny into a
product of and abelian variety An−2 with trivial G action and a stable two-dimensional degneration
of two dimensional abelian variety Y2 with free G-action. We can then apply previous analysis to Y2
but unfortunately we can not get the same restriction on the size of the finite group of components
as in case when dimX = 4.
However if the latter is small we can obtain the result similar to the case of dimX = 4.
In case of top singularity having codimension > 2 we can apply similar arguments to a larger
class of groups which appear as fundamental groups of G = pi1(U(b0) b0). This class of groups is
still rather restrictive since every abelian subgroup of G has to be cyclic. We plan to consider these
questions in further study.
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